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Derivata unui determinant 1

Alina Maria Tintea

Abstract

In this paper we propose to study some problems with the deriva-

tive of a determinant and we propose some generalization of them.

2000 Mathematical Subject Classification: 26A24

În lucrarea [3] este prezentat următorul rezultat, util deseori ı̂n re-
zolvarea problemelor cu determinanţi.

Teoremă 1. Fie fij : R −→ R funcţii derivabile pe R, i, j ∈ {1, 2, . . . , n},
iar F : R −→ R

F (x) =
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f11(x) f12(x) . . . f1n(x)
f21(x) f22(x) . . . f2n(x)
· · · · · · · · · · · ·

fn1(x) fn2(x) . . . fnn(x)
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, x ∈ R .

Atunci F (x) este o funcţie derivabilă pe R şi

F ′(x) =
n

∑

j=1
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f11(x) f12(x) . . . f1n(x)
· · · · · · · · · · · ·

f ′

j1(x) f ′

j2(x) . . . f ′

jn(x)
· · · · · · · · · · · ·

fn1(x) fn2(x) . . . fnn(x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, oricare ar fi x ∈ R(1)
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Demonstraţie. Funcţia F (x) este funcţie derivabilă pe R, ea fiind obţinută
prin operaţii elementare din funcţiile fij, i, j ∈ {1, 2, . . . , n} care sunt funcţii
derivabile pe R.

Demonstrăm acum relaţia (1). Avem

F (x) =
∑

ϕ∈Sn

sgn(ϕ)f1ϕ(1)(x) · f2ϕ(2)(x) · . . . · fnϕ(n)(x),(2)

oricare ar fi x ∈ R. Derivăm această relaţie şi obţinem

F ′(x) =
n

∑

j=1

∑

ϕ∈Sn

sgn(ϕ)f1ϕ(1)(x) · f2ϕ(2)(x) · . . . · fnϕ(n)(x) ,

adică tocmai relaţia (1).
Aplicaţii.

1. Să se demonstreze că
∣

∣

∣

∣

∣

∣

sin(x + α) sin(x + β) sin(x + γ)
cos(x + α) cos(x + β) cos(x + γ)

a b c
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=

∣

∣

∣

∣

∣

∣

sin α sin β sin γ

cos α cos β cos γ

a b c

∣

∣

∣

∣

∣

∣

oricare ar fi x ∈ R, unde α, β, γ, a, b, x ∈ R.

Rezolvare. Fie f : R −→ R.

f(x) =

∣

∣

∣

∣

∣

∣

sin(x + α) sin(x + β) sin(x + γ)
cos(x + α) cos(x + β) cos(x + γ)

a b c
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∣

∣

∣

.

Evident f este derivabilă şi conform Teoremei 1 putem scrie:

f ′(x) =
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∣
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∣

cos(x + α) cos(x + β) cos(x + γ)
cos(x + α) cos(x + β) cos(x + γ)

a b c
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+
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∣

∣
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∣

sin(x + α) sin(x + β) sin(x + γ)
− sin(x + α) − sin(x + β) − sin(x + γ)

a b c
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∣

∣

sin(x + α) sin(x + β) sin(x + γ)
cos(x + α) cos(x + β) cos(x + γ)

0 0 0
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= 0 .
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Cum f ′(x) = 0, oricare ar fi x ∈ R, rezultă că f(x) este constantă pe R şi
deci f(x) = f(0), oricare ar fi x ∈ R, adică

f(x) =

∣

∣

∣

∣

∣

∣

sin α sin β sin γ

cos α cos β cos γ

a b c
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∣

∣

∣

∣

∣

.

Observaţie. Pentru această problemă propunem următoarea generalizare:
Să se demonstreze că valoarea determinantului
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∣

sin(x + a1) sin(x + a2) . . . sin(x + an)
cos(x + a1) cos(x + a2) . . . cos(x + an)

b31 b32 . . . b3n

. . . . . . . . . . . .

bn1 bn2 . . . bnn
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∣

∣

∣
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∣

nu depinde de x (a1, a2, . . . , an ∈ R şi bij ∈ R, i = 3, n, j = 1, n).

2.Să se demonstreze că x = 1 este rădăcina triplă pentru polinomul:

f(x) =

∣
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∣

1 x x2 x3

1 1 1 1
1 2 3 4
12 22 32 42
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∣

∣

∣

.

Rezolvare. Polinomul f(x) are soluţie triplă x = 1 dacă f(1) = f ′(1) =
f ′′(1) = 0. Avem

f(1) =

∣
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∣

1 1 1 1
1 1 1 1
1 2 3 4
12 22 32 42
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∣

∣

= 0 .

Conform Teoremei 1, deoarece f este derivabilă putem scrie

f ′(x) =
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∣
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0 1 2x 3x2

1 1 1 1
1 2 3 4
12 22 32 42
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1 x x2 x3

0 0 0 0
1 2 3 4
12 22 32 42
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12 22 32 42
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Deci,

f ′(1) =
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0 1 2 3
1 1 1 1
0 2 3 4
12 22 32 42
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l2+l1=
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∣
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1 2 3 4
1 1 1 1
1 2 3 4
12 22 32 42
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∣

= 0 ,

având liniile 1 şi 3 egale. Deoarece

f ′′(x) =
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0 0 2 6x
1 1 1 1
1 2 3 4
12 22 32 42
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rezultă că

f ′′(1) =
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0 0 2 6
1 1 1 1
1 2 3 4
12 22 32 42
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0 0 1 3
1 1 1 1
1 2 3 4
12 22 32 42
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∣
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∣

∣
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∣

.

Scădem coloana 1 din celelalte coloane şi obţinem

f ′′(1) = 2

∣
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∣

∣

0 0 1 3
1 0 0 0
1 1 2 3
1 3 8 15
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∣
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= −2
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0 1 3
1 2 3
3 8 15
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∣
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∣

= −6
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∣

0 1 1
1 2 1
3 8 15

∣
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∣

∣

∣

∣

= 0 ,

deoarece coloana a doua este suma celorlalte două coloane.

Cum f(1) = f ′(1) = f ′′(1) = 0 rezultă că f(x) este de forma a(x − 1)3,
a ∈ R.
Observaţie. Pentru această problemă propunem următoarea generalizare:

Să se demonstreze că x = 1 este rădăcină de ordinul n − 1 pentru poli-

nomul

fn(x) =

∣
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∣

∣

1 x . . . xn−1

1 1 . . . 1
1 2 . . . n

12 22 . . . n2

. . . . . . . . . . . .

1n−2 2n−2 . . . nn−2
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∣

∣

,
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unde n este un număr natural, n ≥ 2.

3. Fie x, ak ∈ R, k ∈ {1, 2, . . . , n}. Să se arate că

∆(x) =

∣

∣

∣

∣

∣

∣

∣

∣

x + a1 x . . . x

x x + a2 . . . x

. . . . . . . . . . . .

x x . . . x + an

∣

∣

∣

∣

∣

∣

∣

∣

= a1 · a2 · . . . · an ·

(

n
∑

k=1

1

ak

x + 1

)

.

Rezolvare. Derivând de două ori funcţia ∆, avem

∆′(x) =

∣

∣

∣

∣

∣

∣

∣

∣

1 1 . . . 1
x x + a2 . . . x

. . . . . . . . . . . .

x x . . . x + an
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∣
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∣

x + a1 x . . . x

1 1 . . . 1
. . . . . . . . . . . .

x x . . . x + an
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∣
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∣

x + a1 x . . . x

x x + a2 . . . x

. . . . . . . . . . . .

1 1 . . . 1
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∣
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,

∆′′(x) =
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∣

0 0 . . . 0
x x + a2 . . . x

. . . . . . . . . . . .

x x . . . x + an
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∣
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∣
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∣

∣
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∣
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∣
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∣
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∣

∣
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1 1 . . . 1
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x x . . . x + an
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∣
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∣

x + a1 x . . . x

0 0 . . . 0
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x x . . . x + an
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∣
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∣
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∣
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∣
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∣
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∣

∣

∣

∣

∣

∣

∣

∣

+ . . . +



26 Alina Maria Tintea

+

∣

∣

∣

∣

∣

∣

∣

∣

x + a1 x . . . x

x x + a2 . . . x

. . . . . . . . . . . .

0 0 . . . 0

∣

∣

∣

∣

∣

∣

∣

∣

= 0 .

Deci ∆′′(x) = 0, oricare ar fi x ∈ R. De aici rezultă că există ∆1, ∆2 ∈ R

astfel ı̂ncât ∆(x) = ∆1 · x + ∆2, oricare ar fi x ∈ R. De asemenea, avem

∆2 = ∆(0) =

∣

∣

∣

∣

∣

∣

∣

∣

a1 0 . . . 0
0 a2 . . . 0
. . . . . . . . . . . .

0 0 . . . an

∣

∣

∣

∣

∣

∣

∣

∣

= a1 · a2 · . . . · an ,

iar

∆1 = ∆′(0) = a2a3 . . . an + a1a3 . . . an + . . . + a1a2 . . . an−1 =

=
a1a2a3 . . . an

a1

+
a1a2a3 . . . an

a2

+ . . . +
a1a2a3 . . . an

an

=

= a1a2a3 . . . an

(

1

a1

+
1

a2

+ · · · +
1

an

)

= a1a2a3 . . . an

n
∑

k=1

1

ak

.

Deci,

∆(x) = a1a2 . . . an

n
∑

k=1

1

ak

· x + a1a2 . . . an = a1a2 . . . an ·

(

n
∑

k=1

1

ak

· x + 1

)

.

4. Fie polinoamele P, Q, R, S de grad ≤ 4. Să se arate că polinomul

T (x) =

∣

∣

∣

∣

∣

∣

∣

∣

P (x) Q(x) R(x) S(x)
P ′(x) Q′(x) R′(x) S ′(x)
P ′′(x) Q′′(x) R′′(x) S ′′(x)
P ′′′(x) Q′′′(x) R′′′(x) S ′′′(x)

∣

∣

∣

∣

∣

∣

∣

∣

este de grad cel mult 4 [(2)].

Rezolvare. Deoarece polinoamele P, Q, R, S sunt de grad ≤ 4 avem

P (k)(x) = 0, Q(k)(x) = 0, R(k)(x) = 0, S(k)(x) = 0, (k = 5, 6, 7 . . .).
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Calculând derivatele lui T (x) avem

T ′(x) =

∣
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∣
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∣

∣

P (x) Q(x) R(x) S(x)
P ′(x) Q′(x) R′(x) S ′(x)
P ′′(x) Q′′(x) R′′(x) S ′′(x)
P (4)(x) Q(4)(x) R(4)(x) S(4)(x)
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∣

∣

∣

∣

∣

∣

∣

,

T ′′(x) =
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∣

P (x) Q(x) R(x) S(x)
P ′(x) Q′(x) R′(x) S ′(x)
P ′′′(x) Q′′′(x) R′′′(x) S ′′′(x)
P (4)(x) Q(4)(x) R(4)(x) S(4)(x)

∣

∣

∣

∣

∣

∣

∣

∣

,

T ′′′(x) =

∣

∣

∣

∣

∣

∣

∣

∣

P (x) Q(x) R(x) S(x)
P ′′(x) Q′′(x) R′′(x) S ′′(x)
P ′′′(x) Q′′′(x) R′′′(x) S ′′′(x)
P (4)(x) Q(4)(x) R(4)(x) S(4)(x)

∣

∣

∣

∣

∣

∣

∣

∣

,

T (4)(x) =

∣

∣

∣

∣

∣

∣

∣

∣

P ′(x) Q′(x) R′(x) S ′(x)
P ′′(x) Q′′(x) R′′(x) S ′′(x)
P ′′′(x) Q′′′(x) R′′′(x) S ′′′(x)
P (4)(x) Q(4)(x) R(4)(x) S(4)(x)

∣

∣

∣

∣

∣

∣

∣

∣

,

T (5)(x) = 0 ,

deci grad T ≤ 4.
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